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2009 is an election year for the EUROMECH Council, which is the 

governing body of our Society. Five new members will be elected 

during the autumn. The Advisory Board (a list of current members is 

available on the web at www.euromech.org) will prepare a list of 

candidates for whom members of EUROMECH may vote in November-

December 2009. Suggestions for candidates may be made to any 

member of the Advisory Board. If you wish to suggest a candidate, 

please make sure that he/she is willing to serve on the Council for six 

years. Please also supply a one page Curriculum Vitae and a complete 

address. The final choice of candidates will reflect both the need for 

some continuity with the remaining Council members and for a suitable 

distribution over the different countries in Europe. A sufficient 

representation of the different disciplines within fluid and solid 

mechanics should also be ensured. 

The new members of the Council will take office on 1 January 2010. 

Candidates will prepare biographical notes which will be available 

online and which will also be included in the Newsletter before the 

elections. 

As announced in the previous newsletter, EUROMECH is a partner in 

the “European Collaboration Dissemination of Aeronautical research 

and applications” (E-CAero) grant supported by the European 

Commission. In this context, several events have been scheduled in 

collaboration with other European societies involved in aeronautical 

research. A joint “EUROMECH-EUCASS Mini-Symposium on Flow 

Stability” will take place within the “3rd European Conference for 

Aero-Space Sciences” in Versailles on July 6-9, 2009. Colloquium 507 on 

“Immersed boundary methods: current status and future research 

directions” to be held on June 15-17, 2009 in Amsterdam is co-

sponsored with ERCOFTAC. A Mini-Symposium on “Turbulence 

Control” is also planned with ERCOFTAC within the 12th European 

Turbulence Conference, September 7-10, 2009, in Marburg. Finally a 

joint EUROMECH-ECCOMAS Mini-symposium is being organized 

within the 7th European Solid Mechanics Conference, September 7-11, 

2009, in Lisbon. We expect that these joint projects will further enhance 

synergies between members of our societies. 

EUROMECH is also pleased to announce that the 3rd EUROMECH 
Solid Mechanics Prize has been awarded to Viggo Tvergaard 
(Technical University of Denmark) “for his outstanding contributions 
to a broad spectrum of Solid Mechanics in particular for his fundamental 



research on stability of structures, plastic flow localization and shear 
banding, ductile fracture, and creep rupture, and for taking physically 
based analyses of ductile fracture from an academic discipline to an 
engineering design tool supported by computational methods". Three 
Fellows have been elected for their seminal contributions to Solid 

Mechanics: Davide Bigoni (University of Trento), Felix Chernousko 

(Russian Academy of Sciences) and Erik van der Giessen (University of 

Groningen). These awards will be conferred officially on the occasion of 

the 7th European Solid Mechanics Conference this coming September 

2009 in Lisbon. 

We are very grateful to colleagues who prepared the nomination files 

and we encourage our members to become actively involved in this 

process in future years. This is an important aspect of the life of our 

society. 

 

Patrick Huerre 

 
President, EUROMECH 
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EUROMECH Young Scientist Prize paper

“Edge of chaos and the turbulence transition in linearly

stable shear  flows”

Tobias M. Schneider∗

T. M. Schneider won the EUROMECH Young Scientist Prize, awarded at the 7th
EUROMECH Fluid Mechanics Conference held in Manchester, September 2008.

Abstract

The transition to turbulence in pipe and plane Couette flow differs from the
better understood situation of Taylor-Couette or Rayleigh-Bénard flow in that the
laminar profile is stable against infinitesimal perturbations for all Reynolds num-
bers. Moreover, even when turbulent flow is established, it can spontaneously
return to laminar flow. These observations are compatible with the formation of
a strange chaotic saddle known from dynamical system theory. Here we focus on
the dynamics near the boundary between laminar and turbulent dynamics. Ap-
plying the iterated edge tracking algorithm we compute the relevant hyperbolic
structures intermediate between laminar and turbulent dynamics and relate our
findings to the classical saddle-node bifurcation scenario.

1 Introduction

Pipe flow and plane Couette flow belong to the class of shear flows where turbulence
occurs despite the persistent linear stability of the laminar profile [1, 2, 3]. As already
described by Osborne Reynolds 125 years ago [4], triggering turbulence in these flows
requires not only a sufficiently high Reynolds number (Re) but also a perturbation of
sufficient amplitude. Thus, laminar and turbulent dynamics coexist for the same Re
which naturally raises the question of a surface in the state space of the system such
that trajectories on one side return to the laminar profile and those on the other side
become turbulent.

Guidance on the nature of the dividing surface is offered by the appearance of ex-
act coherent states, which together with their entangled stable and unstable manifolds
provide the necessary state space elements for turbulent dynamics: These exact solu-
tions appear in bifurcations of saddle-node type so that it is natural to associate the
‘upper branch’ (characterized by higher kinetic energy) with turbulent dynamics and
the lower branch with the threshold in critical perturbation amplitude. In plane Cou-
ette flow this scenario seems to be borne out [5, 6]: at the point of bifurcation the upper
branch state (the node) is stable and the lower branch one (the saddle) has only one un-
stable direction. On increasing Re, the upper branch undergoes secondary bifurcations

∗School of Engineering and Applied Sciences, Harvard University, 29 Oxford Street, Cambridge,
MA 02139, USA and Fachbereich Physik, Philipps-Universität Marburg, Renthof 6, D-35032 Marburg,
Germany



which presumably leads to the complex state space structure usually associated with
turbulent dynamics. If the lower branch state does not undergo secondary bifurcations
but continues to have a single unstable direction only, its stable manifold can divide
state space such that initial conditions from one side decay more or less directly to the
laminar profile, whereas those from the other side show some turbulent dynamics.

2 The iterated edge tracking algorithm

Empirically, one may study the boundary between laminar and turbulent dynamics
by following the time evolution of flow fields and thereby assigning a lifetime, i.e. the
time it takes for a particular initial condition to decay towards the laminar profile [7, 8].
Increasing the amplitude of the perturbation one notes changes between regions with
smooth variations in lifetimes (where trajectories decay rather directly) and regions
with huge fluctuations showing a sensitive dependence on initial conditions, since
neighboring initial states can have vastly different lifetimes. A point on the border
between laminar and chaotic regions is said to lie on the edge of chaos [7]. From a point
of dynamical systems theory, the edge of chaos generalizes the usual basin boundaries
between attractors to situations in which the chaotic motion is transient only [9].

We study the dynamics of velocity fields that are intermediate between laminar
and turbulent flows and evolve inside the edge by using the algorithms described in
[8, 10, 11] to confine the velocity fields to this intermediate situation. Thereby, the
evolution follows the dynamics within the edge and approaches embedded invariant
dynamic objects. The edge of chaos then coincides with the stable set of this invariant
dynamic object, which we call the edge state.

The connection between this concept and the saddle-node approach described be-
fore is straightforward: if the boundary between laminar and turbulent regions is
formed by the stable manifold of a saddle state, then the manifold coincides with the
edge of chaos, and the edge state is the saddle state itself. However, this is possible only
if the saddle state has a single unstable direction. If further directions are unstable, the
edge state will not be a fixed point but a periodic orbit or a chaotic attractor.

Figure 1: (Color online) Left panel: Schematic visualization of the operational approximation method.
Right panel: Energy E of the deviation from the laminar profile for trajectories bounding the edge of
chaos. The continuous lines (a-d) show trajectories that swing up to the turbulent flow. For the last
control step, starting at t = 1500, the corresponding decaying trajectory (e) is presented as an additional
dotted line. The accuracy of the approximation is better than ∆E

E ≈ 2× 10−6.

The procedure for tracking the dynamics on the dividing surface is shown schemat-



ically in Figure 1, where we plot the energy of a perturbation field as it evolves in time.
One chooses a pair of initial conditions from the family uλ = uL + λv , with uL the lam-
inar profile and v = u− uL where v prescribes the (arbitrary) spatial structure of the
flow field. The amplitude λ is chosen such that one initial condition (red filled circle)
is located on the turbulent side of the edge and one (green open box) on the opposite
laminar side. Bisecting in λ we can focus on trajectories which live for a substantial
time close to the boundary before turning turbulent (thick black line) or decaying (thin
black line). These two trajectories approximate an intermediate one that neither decays
nor turns turbulent but remains in the edge (blue dotted line). Since the ‘edge trajec-
tory’ is unstable and the approximating trajectories separate exponentially, they are
followed for a finite time only before a new pair of initial conditions is constructed by
taking the state of the previous trajectory that finally turns turbulent (red open circle)
and rescaling its amplitude. The right panel of Figure 1 illustrates the edge tracking for
pipe flow at Re=2875. Note that the edge dynamics is energetically clearly separated
both from turbulence and from laminar flow (E ≡ 0 in the plot).

The tracking of the dynamics in the edge offers several exciting possibilities as it
can be applied to basically any dynamical system that shows two distinct types of
dynamics such as laminar flow and turbulence for the same control parameters. The
convergence of the algorithm only requires the edge state to be an attracting set, so
that the relevant hyperbolic structure can be computed without further assumptions
about its nature (fixed point, periodic orbit or chaotic attractor). We here apply the
edge tracking first to plane Couette flow which allows to connect it to the ideas about
lower branch solutions advocated in [6]. Then we turn to pipe flow calculations before
we close this note with some concluding remarks and suggestions for future studies.

3 Plane Couette flow

In plane Couette geometry the flow is driven by two parallel plates moving in oppo-
site directions. The numerically considered flow domain is set to be 2 units high, 2π

units wide and 4π units long, and periodically continued in spanwise and downstream
direction.

y

x

z

y

x

z

Figure 2: (Color online) Approach to the edge state in plane Couette flow for Re = 400: Isosurfaces of
vanishing downstream velocity (vx = 0) both for an arbitrary initial state (left) and the final edge state
(right).
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Figure 3: (Color online) Bifurcation diagram for three pairs of lower/upper-branch equilibrium solu-
tions, with (α,γ) = (0.5, 1), (0.5, 2) and (1, 2). The drag D is the wall drag normalized by the drag of
laminar flow at the same Reynolds number.

In Figure 2 we present both the initial and final state of a typical edge tracking cal-
culation for Re = U0h/ν = 400 where h is half the channel height, U0 half the velocity
difference of the plates and ν the kinematic viscosity of the fluid. Despite different
complex topologies of the initial flow field, the edge trajectories are attracted to the
same stationary flow field. In view of the saddle-node bifurcation scenario discussed
above, Wang et al [6] suggested that this state should coincide with a particular lower
branch equilibrium solution. However, their state is similar to, but not identical to the
state found here. Introducing the wavenumbers α and γ for the structures, so that the
periods in the downstream and spanwise direction are 2π/α and 2π/γ, the found edge
state is (α,γ) = (0.5, 2), whereas [6] suggested a state with (α,γ) = (0.5, 1). In Figure 3
we show the bifurcation diagram for three states that fit into the periodic domain. The
suggested (0.5, 1)-state is the lower branch solution formed in the first saddle-node bi-
furcation at Re ≈ 127.7 and also shows the ‘simplest’ topology in terms of number of
streamwise vortex pairs. At Re = 400 , however the (0.5, 2)-state shows a drag closest
to laminar flow thus raising the question if it could be on the edge. The answer is given
by a numerical eigenvalue analysis which gives 4, 1 and 5 unstable directions for the
states (α,γ) = (0.5, 1), (0.5, 2) and (1, 2), respectively [10]. Thus, only the (0.5, 2) state
has a stable manifold that is of codimension 1 and can therefore locally divide state
space in two domains. Consequently it acts as the relevant saddle state.

To summarize: the refined edge tracking algorithm applied here to plane Couette
flow in a parameter range where the lower branch solutions has a stable manifold of
codimension 1 confirms the expectations based on the saddle-node bifurcation sce-
nario, but in addition it helps to identify which state among several possible ones is
indeed the invariant object in the edge, i.e. the edge state.

4 Pipe Flow

We now turn to the probably most studied hydrodynamical system of pressure driven
flow through a straight circular pipe. At intermediate Re one observes localized do-
mains of turbulence called puffs [12] which travel down the pipe at a typical length of
30 pipe diameters. Instead of considering an extended system capturing the full spatio-
temporal structure of the dynamics, we here focus on the internal turbulent dynamics
of a puff [13]. Thus, as in previous studies of turbulent statistics [14] and of lifetime
distributions [15] we numerically consider a periodically continued pipe segment of 5
pipe diameters length (see [16] for a discussion of finite size effects).
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Figure 4: (Color online) The chaotic edge state flow field in pipe flow. Left: Instantaneous snapshot
showing the elongated low speed streaks and constantly active vortical structures in the center region.
Right: time-averaged flow field characterized by a pair of counter-rotating vortices located off-center.

Edge trajectories starting from various types of initial conditions were found to
be attracted to the edge state flow field presented in Figure 4 [17, 8]. As the edge
state found in plane Couette flow, the pipe edge state shows a simple global topology
dominated by a pair of counter rotating vortices located off center. However, the locally
attracting object is neither a time-independent fixed point as in plane Couette flow nor
a traveling wave, as suggested by recent discoveries of exact coherent solutions to the
full nonlinearNavier-Stokes equations [18, 19, 20]. Instead, the invariant object shows a
chaotic dynamics as evidenced by the constantly active vortical structures in the center
region of the pipe. We thus conclude that the edge of chaos is formed by the stable
set of a chaotic saddle, which is the edge state of pipe flow. While the edge of chaos
is extended throughout the state space of the system, the statistical weight on the local
attractor embedded in the edge appears to be centered in a small region which results
in the simple global structure of the observed flow field.

While the edge state presented in Figure 4 is computed for Re = 2875 no bifurca-
tions or transitions between flow topologies have been observed on varying Re in the
studied range between 1900 and 4000.

Re

E
3
D

400030002000

0.1
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0.001

1e-04

Figure 5: Typical energy of the edge trajectory (yellow, down-facing triangles) and turbulence (blue
boxes) as a function of Re. The data can be estimated from trajectories approximating edge dynamics
(cf. Figure 1). Energetically, the edge state is always separated from the laminar state (E ≡ 0) and from
turbulence. However, the separation of the edge and turbulence decreases with decreasing Re.

In Figure 5 we show the variation of the energy1 both of the edge state and turbu-
lent dynamics with Re. As Re decreases, the energy of the turbulent state decreases

1Instead of the full energy, only the energy content of modes that are not translationary invariant is
shown.



while the one of the edge state increases, and they seem to merge at some Re near
1800. Note, however, that numerical simulations for the chosen domain show that tur-
bulence at Re=1900, where the edge state can still be identified is transient [15, 16], so
that the coalescence between the turbulence and the edge state cannot be correlated
to a possible crisis that would turn the transient turbulent saddle into a permanent
attractor. Moreover, the ability to determine an edge state when the turbulence is tran-
sient and not permanent shows that the edge state tracking algorithm as presented
here generalizes the concept of basin boundaries to situations of transient chaos [9].

5 Conclusions and outlook

Using concepts of dynamical system theory we have studied the stability boundary
between laminar flow and turbulence that has to be crossed when the transition occurs
or flow relaminarizes. Studying the dynamics intermediate between laminar flow and
turbulence we computed locally attracting structures in the stability boundary termed
edge states. For plane Couette flow we found a specific lower branch fixed point solu-
tion thus confirming expectations based on the saddle-node bifurcation scenario.

In pipe flow, the edge state is dynamically non-trivial and chaotic. Naturally this
local chaotic attractor will contain simpler periodic or relative periodic structures [20]
but they will have more than one unstable direction so that their stable manifold has
codimension higher than one and cannot divide state space. This seems to be the case
for all exact coherent structures observed thus far in pipe flow.

The edge state remains energetically separated from both the laminar state and
turbulence over the whole studied range in Re including values, where turbulence is
transient and decays spontaneously. Thus, there are not only two but three energeti-
cally separated types of dynamics and we conclude that the transition to turbulence in
pipe flow is mediated by flow structures that are neither located in the neighborhood
of the stable laminar profile nor are part of the statistically relevant ‘core region’ of
the chaotic saddle supporting turbulence. Explaining the transition to turbulence in
pipe flow and other related linearly stable flow situations thus requires understanding
the role and the interaction of three dominant objects in the system’s state space: the
laminar state, the strange chaotic saddle and the edge state discussed here.

While applying nonlinear dynamics concepts allowed for much recent progress in
understanding the transition mechanism in the canonical pipe flow problem, several
important questions still remain to be answered [21]. One interesting task – in the
author’s opinion – is to understand the full spatio-temporal structure of extended sys-
tems and to explain, why transitional turbulence is typically observed in localized do-
mains such as turbulent puffs only. In view of the simple flow structures found in edge
states, edge tracking in extended systems might provide a useful test case for study-
ing the mechanisms that give rise to localized turbulence and select their macroscopic
length scales.
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J. Vollmer, B. Hof, J. Westerweel, F. De Lillo, J.F. Gibson, L. Kim, J. Moehlis, F. Melli-
bovsky andA.Meseguer for various valuable and enlightening discussions that helped
to shape the concepts presented here. Financial support by the Deutsche Forschungs-
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Abstract

Torus formation, destabilisation into droplets, self-similar cascade : the sedi-
mentation of a cloud of particles in a viscous fluid is spectacular. How can a sys-
tem that is conceptually so simple develop such rich behaviours? The long range
nature of the hydrodynamic interactions between the settling particles (akin to the
N-body problem) is the essential component to understand these behaviors.

1 Introduction

When small particles settle in a viscous fluid which is initially at rest, they generate
flow perturbations which spatially decay very slowly. The particles influence them-
selves mutually through the fluid. These hydrodynamic interactions, specific to Stokes
flows (cf. Figure 1), are at the origin of complex phenomena which are of great interest.
They occur in a large number of natural phenomena like the behavior of red blood cells
and mud sedimentation at river mouths. But above all, they provide a unique oppor-
tunity to study the N-body problem experimentally. Like the gravitational interactions
which govern the motion of planets, hydrodynamic interactions are of the long-range
type.

We will start by describing the sedimentation of one, two and three particles. When
more than two particles come into play, we address the N-body problem; chaotic be-
haviors arise. The second part of this paper is dedicated to the sedimentation of a
”cloud of particles”. Movies are available on the following link [9].

2 1, 2, 3 particles

The problem of the fall of a spherical particle in a viscous fluid was completely solved
by Stokes in 1851[2]. When the effects of viscosity dominate those of inertia, the in-
duced fluid motion is a solution of the Stokes equation (cf. Figure 1). The amplitude
of the generated flow field decays very slowly, as the inverse of the distance to the
sphere. We will show that this property is crucial to understanding the dynamics of a
large collection of particles.

∗IUSTI - CNRS UMR 6595,Technopôle de Château-Gombert,13453 Marseille Cedex 13, France



Figure 1: When a small particle of radius a settles in a viscous fluid of viscosity µ, the drag force
D = −6πµaU exerted by the fluid on the particle exactly balances the gravity force F in such a way
that the settling speed of the particle U = F/6πµa is constant. The induced fluid flow u is solution of
the Stokes equations (1) , where p stands for the pressure field and δ, the Dirac function describes the
force field distribution inside the fluid assuming the particle is a point force. The analytical solution of
these equations (2) is known as the Oseen tensor. The blue arrows represent the velocity field induced
into the fluid by the motion of the particle and the red curve indicates its most remarkable property which
is the slow decay (as 1/r) of its amplitude.

g

g

a b

Figure 2: Two identical spheres fall in a viscous fluid under their own weight. Owing to the linearity
of the Stokes equations, one can show that the velocities of the two spheres are necessarily identical. a)
Imagine that the sphere located at the back (relative to the overall motion) has the largest velocity ; it
catches up the first sphere and the two spheres thus get closer to each other. b) Now inverse gravity
g. Owing to the linearity of the equations, reversing the forces means reversing the velocities. The
sphere located in front moves faster thus the two spheres move away from each other. However, the two
situations mentioned above are formally identical; their evolution must be the same. The velocities of the
two spheres are thus identical.

When two identical spheres sediment in a viscous fluid, the fluid motion induced
by the fall of each particle influences the trajectory of the other particle. The velocity
of each sphere can be evaluated by adding its sedimentation velocity in isolation to
the velocity induced in the fluid by the motion of the other particle. The velocity of a
pair of particles is thus larger then the velocity of an isolated particle (cf. Figure 3.b).
Owing to the linearity of the Stokes equations, one can show that the velocity of the
two spheres are necessarily identical. (cf. Figure 2.b). The two particles settle together
without observing any relative motion.



Figure 3: Numerical simulations : sedimentation of a) one, b) two c,d,e) three particles in a viscous
fluid. c) Initially displaced at the summits of a horizontal equilateral triangle, the particles follow a
periodic motion. d) When randomly displaced, after some "mixing" phase during which the particles
totally change their relative positions, a couple is formed (blue and green particles) and the third particle
lags behind. e) When the simulation starts from a slightly different initial configuration, the evolution is
essentially the same at short times but the long time evolution is completely different. This time the pair
made of the blue and red particles escapes and the green particle is left behind. This extreme sensitivity
to initial conditions is inherent to chaotic systems.

The situation is different for three particles [4]. Peculiar initial configurations pro-
duce a periodic motion (cf. Figure 3.c) ; for instance when the three particles are dis-
placed at the summits of a horizontal equilateral triangle. In other cases, the motion is
chaotic (cf. Figure 3.d and 3.e). One distinguish a phase of interaction involving three
particles during which the particles totally change their relative positions. Then a pair
"escapes" leaving the third particle behind. The chaotic nature of the three particle con-
figuration is well illustrated by the extreme sensitivity to initial conditions (cf. Figure
3.d and 3.e).

Figure 4: Numerical simulations of the flow produced by a cloud of particles. The apparent motion is a
toroidal re-circulation with vertical axis. Fluctuations cause some particles to make random crossing of
the (imaginary) interface and be convected to the rear and eventually leave the cloud in a vertical tail.

The Stokes equations which govern themotion of the particles are linear and instan-
taneous. They are thus reversible in time. How can particles behave in such a complex



way? Why such a sensitivity to initial conditions? Chaos arises when the number of
particles is larger than two. Its origin is in the coupling between the fluid flow and
the spatial distribution of the particles. At a given time, the fluid flow is completely
determined by the particle positions; but the fluid flow advects the particles and thus
modifies instantly the latter distibution. This permanent retro-action between the flow
and the microstructure gives rise to a highly non-linear coupling at the origin of the
observed chaotic behaviors.

3 Cloud of particles

Figure 5: Flow computed at successive times in the vertical plane through the vertical axis of symmetry
and in the instantaneous reference frame of the cloud. The initially spherical cloud (t∗ = 0) slowly
evolves toward a torus (t∗ = 300). When the external fluid pokes through the cloud (t∗ > 600), the
cloud destabilises into self-similar droplets. Time is normalised by the time it takes for the cloud to move
by one radius ; t∗ = t/(R/Vn) with R and Vn respectively the radius and the sedimentation velocity of
the cloud at t∗ = 0. Insets : bottom views of the cloud.

We are now going to examine the motion of a large number of particles. The particles
are displaced randomly inside a prescribed volume of the fluid in such a way that they
form what we will call a "cloud of particles".

The most astonishing and certainly the most spectacular feature observed is the
collective motion followed by the particles during their fall. The apparent general mo-
tion is a toroidal recirculation. The outcome of this dynamic is that the cloud remains a
cohesive entity for very long times, maintaining a sharp boundary between its particle-
called interior and the clear fluid outside. Note that this collective motion is not due
to a cohesive force (such as electrostatic or Van-der-Waals forces) but results only from
the long range hydrodynamic interactions between the particles.

A simple model to describe these interactions between the particles is to consider
that each particle induces into the ambient fluid a flow perturbation equivalent to the
one produced by a point particle. This approximation is natural in dilute systems as
the inter-particle distance is large compare to the particle size; particles only suffer the



first order term of the flow perturbation generated by the fall of the other particles (the
term decreasing as 1/r).

Figure 6: Successive images of the fall of a cloud of particles in a viscous fluid. a) Laboratory experiment
using glass particles of 100 µm diameters and a container filled with silicon oil 1000 times more viscous
than water. b) Numerical simulations [5]. Movies are available to download at the following link [9].

The toroidal recirculation motion is also observed when a liquid drop settles into
a lighter fluid [3, 1]. A cloud of particles might be described as an effective fluid that
is heavier than the outer fluid, but this analogy is limited; suspensions have intrinsic
characteristics that cannot be described within such a frame. The leakage mechanism
clearly illustrates these differences. As it settles, the cloud slowly loses particles by
shedding them along a vertical tail emanating from its rear (cf. Figure 4). The multi-
body nature of the hydrodynamic interactions and the permanent rearrangement of
the particles inside the cloud generate important velocity fluctuations (as can be seen
schematically on the broken line in Figure 4). Some particles spontaneously make a
random crossing of the (imaginary) boundary and are advected away from the cloud
in a tail. Random velocities imply an irreversible diffusive transport of the particles
outside the cloud despite the reversible nature of the Stokes equations.

The leaking particles are those located in the outer layer of the toroidal circulation.
This depletes the region near the vertical axis of the cloud and quickly leads to the
formation of a torus. The torus aspect ratio (ratio of its horizontal to vertical dimension)
increases. Beyond a critical aspect ratio, the flow topology changes dramatically : the
external fluid pokes through the center of the ring formed by the cloud instead of
flowing around the cloud (cf. Figure 5). Note that the streamlines which pass through
the cloud have an opposite direction to those of the initial toroidal circulation. New
recirculations are thus formed prior to droplet formation. The torus breaks up into
two (or very occasionally up to four) droplets, each of which forms a torus which, if it
contains enough particles, again breaks up, and so on in a repeating cascade (cf. Figure
6).



4 Conclusions

Despite its conceptual simplicity, the sedimentation of a cloud of particles at zero
Reynolds number is very rich in behaviours. The system becomes chaotic when the
number of particles is larger than two. Trajectories are tortuous and extremely sensi-
tive to initial conditions akin to the three body problem. Sedimentation is a unique
opportunity to study this problem experimentally. For further information the reader
can refer to [4].

For a large number of particles, the evolution is complex. The cloud of particles first
evolves toward a torus which in turn destabilises into smaller droplets. Irreversible
phenomena such as the particle leakage are observed.

A simple numerical model, based on the point-particle approximation is sufficient
to capture the cloud evolution in its details (cf. Figure 6). This study showed how
long-range hydrodynamic interactions govern the evolution of these systems.

Another striking phenomenon is the general toroidal recirculation motion followed
by the particles. This collective dynamic which is an outcome of the slow decrease of
the hydrodynamic interactions might seem to be of academic interest only. It is in fact
of major importance in a large number of real systems. For instance, one observes
large swirls during the sedimentation of a homogeneous suspension of particles [6] ;
clusters which organise into streamers characterise the sedimentation of a suspension
of fibres [7]. These structures, which arise from long range collective interactions and
whose typical length-scales are much larger than the particle size, deeply influence the
behaviour of these systems [8].
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